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Objective/Learning Target:
Students will identify exponential growth and decay models
from a differential equation



Warm-Up:

Watch Videos: Exponential Models and Differential Equations
More Exponential Models

Read Article: Differential Equations: Growth/Decay



https://www.khanacademy.org/math/ap-calculus-ab/ab-differential-equations-new/ab-7-8/v/modeling-population-with-simple-differential-equation
https://www.khanacademy.org/math/ap-calculus-ab/ab-differential-equations-new/ab-7-8/v/particular-solution-given-initial-conditions-for-population
https://www.swl.k12.oh.us/Downloads/5-6%20Growth%20and%20Decay.pdf

Notes:

EXPONENTIAL GROWTH AND DECAY MODELS

If y is a differentiable function of t such thaty > 0 and
y'=ky for some constant k, then

y:Cek?

C is the initial value of y, and k is the proportionality
constant. Exponential growth occurs when k > 0, and
exponential decay occurs when k < 0.



Examples:

A herd of llamas has 1000 llamas in it, and the population is growing exponentially. At time ¢ = 4 it has 2000 llamas. Write a
formula for the number of llamas at arbitrary time .

Solution: Here there is no direct mention of differential equations, but use of the buzz-phrase ‘growing exponentially’ must be
taken as indicator that we are talking about the situation

f(t) = ce®

where here f(t) is the number of llamas at time ¢ and ¢, k are constants to be determined from the information given in the
problem. And the use of language should probably be taken to mean that at time ¢ = () there are 1000 llamas, and at time £ = 4
there are 2000. Then, either repeating the method above or plugging into the formula derived by the method, we find

c= valueof fatt =0 = 1000
p_ Inf(t) ~nf(t) _ In1000 - In2000

t1 —ta 0—-4
1000 In 3
=In oo 4= —r = (In2)/4

Therefore,
In2
f(t) = 1000 e * = 1000 - 2¢/4

This is the desired formula for the number of llamas at arbitrary time £.



Examples:

A colony of bacteria is growing exponentially. At time ¢ = 0 it has 10 bacteria in it, and at time ¢ = 4 it has 2000. At what time will
it have 100, 000 bacteria?

Solution: Even though it is not explicitly demanded, we need to find the general formula for the number f(t) of bacteria at time ¢,
set this expression equal to 100, 000, and solve for ¢. Again, we can take a little shortcut here since we know that ¢ = f(0) and we
are given that f(0) = 10. (This is easier than using the bulkier more general formula for finding ¢). And use the formula for &:

10

k_lnf(tl)—lnf(tz)_ln10—1n2,000_1n2,W_1n200
- t, —t2 N 0—14 T -4 4

Therefore, we have

In 200

f(t)=10-e7=

* =10- 2004
as the general formula. Now we try to solve
In 200
100,000 =10-¢~7 *

for ¢: divide both sides by the 10 and take logarithms, to get

00
g0 pooi— 220
1
Thus,
g =g 210,000 o oc407835.

In 200



Practice:

1) Ten grams of the plutonium isotope 2*°Pu were released in a nuclear accident. How long
will it take for the 10 grams to decay to | gram?

2) An experimental population of fruit flies increases according to the law of exponential
growth. There were 100 flies after the second day of the experiment and 300 flies after
the fourth day. Approximately how many flies were in the original population?



Answer Key:
Once you have completed the problems, check your answers here.

So, the model is
Y= 100_0‘0000:376“. Half-life model

To find the time it would take for 10 grams to decay to | gram, you can solve for 1 in
the equation

| = Qe 0000287611

The solution is approximately 80,059 years. d

So. the exponential growth model is
v = C‘,O.S-t*).’-r.
To solve for C, reapply the condition y = 100 when ¢ = 2 and obtain
100 = C(,()AS.S‘)}(.N
C = 100e” 1.0986
C = 33.

So. the original population (when ¢ = 0) consisted of approximately v = C = 33 flies,



Additional Practice:

Interactive Practice

Extra Practice with Answers



https://drive.google.com/file/d/1GSz-zUoo1SSaxRNLGbt2JzfHYFRWJYnt/view?usp=sharing
https://www.khanacademy.org/math/ap-calculus-ab/ab-differential-equations-new/ab-7-8/e/diff-eq-exponential-models-word-problems

